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ARTICLE DETAILS ABSTRACT

Article History: Rainfall and temperature are crucial weather parameters in addressing climate change. Understanding the
magnitude and severity of extreme events is essential for mitigating the adverse effects of climate change.
This study conducted a frequency analysis of monthly maximum rainfall and temperature data for Khulna
station spanning 73 years (1950-2022) to identify the best-fit distribution models capable of predicting
extreme events. Among the eight probability distribution models (Normal, Lognormal, Generalized Extreme
Value (GEV), Extreme Value, Logistic, t Location-Scale, Gamma, and Weibull distribution) tested, GEV proved
the best fit for rainfall data, while Extreme Value was the optimal choice for temperature data, as confirmed
by statistical tests (AIC, K-S and A-D). Model parameters were calculated using the log-likelihood method.
Furthermore, the study estimated extreme values of maximum rainfall and temperature for return periods of
5,10, 25,50, 100, and 500 years. These findings can offer valuable insights for developing plans and strategies
to mitigate the risks and damages associated with extreme weather events.
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1. INTRODUCTION

Globally, temperature and rainfall profoundly impact climate, ecosystems,
and human activities (Shen et al, 2023). Rising temperatures lead to
melting ice caps and glaciers, increasing sea levels, and shifting weather
patterns (Defrance et al, 2019). These changes also have significant
consequences for agriculture, with heatwaves and frost harming crops,
reducing yields, and affecting food production (Zhao et al, 2017).
Conversely, insufficient rainfall results in droughts and water shortages,
while heavy rainfall can lead to floods, waterlogging, soil erosion, and
infrastructure damage. Both conditions can result in crop failures,
decreased yields, and food shortages (Iderawumi et al., 2017). Sufficient
and evenly distributed rainfall is essential for the availability of freshwater
(Bedane et al, 2022). Regrettably, worldwide extreme events such as
droughts, floods, and prolonged high temperatures continue to cause
significant losses of lives and the economy (WMO, 2021).

The effects of temperature and rainfall can vary depending on the local
geography, topography, and other factors (Lei et al., 2023). Researchers can
comprehend and predict these effects using scientific research and climate
models, which facilitates the formulation of adaptation and mitigation
plans. In most developing countries, including Bangladesh, rain-fed
agriculture continues to be the predominant method (Kashem et al., 2009).
Limited and unpredictable precipitation as well as considerable variability
in precipitation and temperature patterns are challenges for managing soil
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moisture in semi-arid and dry regions of the tropics (Matata et al,, 2019).
Finding the best-fit probability distribution to predict the extreme
temperature and precipitation patterns can help a country forecast when
a severe event occurs again.

Probability distributions are crucial for understanding uncertainty
(Khudri and Sadia, 2016; Alam et al,, 2018b). Distribution fitting involves
selecting a statistical distribution that best fits a given dataset. Choosing
the wrong distribution can lead to inaccurate results. In fields like
hydrology, meteorology, and various sciences, there has been a continuous
effort to identify the best probability distribution for modeling
precipitation depth and temperature fluctuations on daily, monthly, and
yearly timeframes. Some of the most commonly used and important
probability distributions in rainfall and temperature models include
Normal, Lognormal, GEV (Generalized Extreme Value), Extreme Value,
Logistic, Loglogistic, Gamma, Weibull, and others (Ghosh et al.,, 2016;
Hossain et al.,, 2018).

Khulna district, home to the third-largest city (Khulna city) in Bangladesh,
covers a total area of 4,394.46 sq. km and has a population of 2,613,365,
with 25.11% of its population engaged in the agricultural sector (KD,
2023). Like many regions in Bangladesh, this district faces a climate crisis
driven by the impacts of rainfall and temperature. The district's
agriculture, a vital contributor to the Bangladeshi economy, is increasingly
vulnerable to catastrophic events such as droughts and floods (Rahman et
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al,, 2023). One potential solution is to predict these extreme events by
utilizing the most suitable probability distribution model and determining
the return period, which can enhance public awareness and mitigate
losses.

While some studies have focused on identifying the best-fit probability
distributions for rainfall data (Ghosh et al. 2016; Alam et al. 2018a) and
temperature data (Hossain et al. 2018; Hasan 2021) in Bangladesh, the
simultaneous analysis of temperature and rainfall data for the best-fit
distribution, along with the return period, remains unexplored at the
Khulna station. Consequently, this study has two primary objectives:
firstly, to compare the Normal, Lognormal, GEV, Extreme Value, Logistic, t
Location-Scale, Gamma, and Weibull distributions and identify the best-fit
distribution for monthly maximum temperatures and rainfall at the
station; and secondly, to estimate extreme values of maximum
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temperatures and rainfall for the return period of 5, 10, 25, 50, 100, and
500 years. The suitability of the best-fit probability distribution was
assessed using various goodness-of-fit tests.

2. MATERIALS AND METHODS

The selection of probability distribution models is crucial when
determining the most suitable fit for a particular dataset at a specific
location. In this section, commonly utilized distribution models for the
analysis of monthly maximum rainfall and temperatures in Khulna station
are presented. The method of parameter estimation, as well as the
numerical and graphical goodness-of-fit tests employed for model
selection, are discussed. Furthermore, the procedure for estimating return
periods is explained. The overall methodological flowchart of this study is
given in Figure 1.
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Figure 1: Methodological flowchart used in this study

2.1 Data collection

This study utilized weather station data from the Khulna District, located
at22°47' North latitude and 89° 32' East longitude. The dataset comprised
monthly rainfall and maximum temperature time series, collected for 73
years (January 1950 to December 2022) from the Bangladesh
Meteorological Department (BMD) through the link
http://barcapps.gov.bd/climate/. The simplest arithmetic average method
was used to calculate missing values in the monthly time series data.

2.2 Probability distribution function

In the recent past, various probability distribution functions have been
proposed to fit the maximum rainfall and temperature data best. However,
in the present study, Normal, Lognormal, General Extreme Value (GEV),
Extreme Value, Logistics, t Location-Scale, Weibull, and Gamma
distributions are considered for testing the goodness of fit.

The normal distribution is the most valuable continuous distribution
among all distributions due to its characteristic of symmetrically
distributing the values of a random variable (Omer et al. 2020). Conversely,
the Lognormal distribution describes the probability distribution of a
variable whose logarithm follows a normal distribution. In the context of

flood data, the GEV distribution, a well-known three-parameter
distribution for maxima, is recommended as the optimal choice to achieve
the best fit (Ng et al, 2020). Furthermore, extreme value distributions
frequently apply to modeling the smallest or largest values within a large
set of independent and identically distributed random values. The Logistic
distribution is employed for growth modeling as well as logistic
regression.

Additionally, the t location-scale distribution is beneficial for statistical
modeling and hypothesis testing, especially when the data is believed to
have heavier tails than the normal distribution. The widely used two-
parameter Weibull distribution is extensively applied in analyzing diverse
hydrological and meteorological datasets. Finally, the Gamma distribution
involves the concept of the gamma function, which finds extensive use in
hydrologic analysis, particularly in modeling rainfall and temperature
amounts within a specific region (Poonia and Azad, 2022).

The probability density function, parameters, and range of the selected
distributions mentioned above are given in Table 1. The parameters
defining each distribution function were estimated using the maximum
likelihood method. MATLAB software was employed to obtain these
parameters for the distribution functions.
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Table 1: Probability density function with parameters description of the selected distributions

Distribution Probability density function (PDF) Parameters Description
—(x-w? u = Mean (-oo<pu<oo)
Normal = T202
fx) vz’ for x€R. o = Standard deviation (020)
L | 1 ~(logx-p?) n = Mean of logarithmic values (-co<p<oo)
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& fx) w2t C for x>0. o = Standard deviation of logarithmic values (0=0)
. L o k = Shape parameter (—ocosk<oo)
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[ [
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tlocati 1 o G e =Sh ter (v>0
ocation-scale fx) = o r D) [T] 2 v = Shape parameter (v>0)
o = Scale parameter (0>0)
1 = . . a = Shape (a>0)
G X) = x%1ed where I is the gamma function
amma = o 5 b = Scale (b > 0)
b xyp-1,-(xla)? = Scal >0
Weibull A1) = {a Qe i k20, if x<0. a =Scale (a>0)
0 b = Shape (b > 0)

2.3 Goodness-of-fit Tests

Goodness-of-fit tests were conducted to determine the most suitable
distribution model that accurately fits the data. These tests evaluate how
well the chosen distribution aligns with the observed data. The goodness-
of-fit test measures the disparity between the observed values and the
predicted values of the statistical model. In this study, several tests were
employed, including the nonparametric Kolmogorov-Smirnov (K-S) test,
Anderson-Darling (A-D) test, the information-criterion test known as
Akaike Information Criterion (AIC), and the graphical assessment using
Quantile-Quantile (Q-Q) plots.

2.3.1 Quantile-Quantile (Q-Q) Plot Test

A Quantile-Quantile (Q-Q) plot is a powerful and straightforward graphical
technique often used to choose the best-fit model (Ghosh et al,, 2016). It
serves as a visual assessment tool to determine if sample data conforms to
a particular theoretical distribution. To create a Q-Q plot, the sample data
values are first arranged in ascending order and then plotted against the
expected values for the chosen distribution at each quantile within the
sample data. The y-axis represents the quantile values derived from the
input sample, while the x-axis displays the corresponding theoretical
values of the specified distribution. When the resulting plot closely
resembles a straight line, it indicates that the sample data is likely
consistent with the chosen distribution (Pandit and Infield 2018).

2.3.2 Kolmogorov-Smirnov (K-S) Test

The Kolmogorov-Smirnov (K-S) test is a commonly used nonparametric
test to assess whether a given data set significantly deviates from a
hypothesized continuous distribution. It serves as a substitute for the chi-
squared goodness of fit test. The test statistic (D*) represents the highest
absolute variance between the empirical cumulative distribution function
(CDF) computed from the dataset and the hypothesized CDF, as shown in
Equation (1). A larger value of D* indicates a greater discrepancy between
the observed data and the statistical distribution model (Sukrutha et al.
2018).

D %= mj\x(|ﬁ(x) -G @

Here, F(x) refers to the empirical CDF calculated from the data, and G (x)
represents the CDF of the hypothesized distribution.

2.3.3 Anderson-Darling (A-D) Test

The Anderson-Darling (A-D) test is used to determine if a data sample
originates from a specific distribution. It is a modification of the K-S test
and is more sensitive to outliers, placing greater emphasis on the tails of
the distribution. This test can be applied to any hypothesized distribution
as it does not require specifying distribution parameters, and its critical
values are independent of the distribution being tested (Sukrutha et al.,

2018). The A-D test statistic, which falls under quadratic empirical
distribution function statistics, is defined as follows:

2 _ . yn 21
An_ n Zi:ln

[In(F () +In(1 = F(Xp1-0)] @

Where {Xi<..<X»} are the ordered sample data points and n is the sample
size.

2.3.4 Akaike Information Criterion (AIC) Test

The Akaike information criterion (AIC) is often used in statistics to select
the most appropriate model from a given set of models. It is based on
information theory and aims to find a model that closely matches the true
underlying data distribution while using a minimal number of parameters.
The AIC is calculated using the Equation:

AIC = 2K - 2 log(L) 3

Where K represents the number of estimated parameters in the model and
log(L) refers to the log-likelihood function of the model. The model with
the lowest AIC score best fits the data (Mohd Supian and Hasan, 2021).

2.3.5 Return period (T) analysis

One of the main objectives of frequency analysis is to determine the
recurrence interval or return period. The return period (T) provides an
estimate of the likelihood of a specific event, such as a flood or intense
rainfall, occurring within a given timeframe. It is a statistical concept to
express the exceedance probability (Yuan et al.,, 2018).

T represents the average time interval between the occurrences of a given
event of a certain magnitude or higher. If a hydrometeorological variable
(X) with a magnitude equal to or greater than x occurs, on average, once
every T years, then the probability of such an event occurring, denoted as
P(X = x), can be calculated using the following equations (Alam et al.,
2018a):

1

P(X=x) =1 (4)

_ 1
1-P(X<x)

(5)

3. RESULTS AND DISCUSSION
3.1 Description of rainfall and temperature data

Statistical analysis was conducted on a dataset spanning 73 years (1950-
2022) of monthly maximum rainfall and temperature data for the Khulna
region. Table 2 comprehensively summarizes statistical characteristics,
including the arithmetic mean, median, standard error, standard deviation,
sample variation, skewness, kurtosis, maximum, minimum, 95t percentile
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value, and range for both monthly rainfall and temperature. The analysis
reveals that the kurtosis and skewness values (>1.0) of monthly rainfall are
positive, while for temperature, they are negative (-0.63-0). This signifies
that the dataset for rainfall exhibits a higher proportion of values in the
right tails, indicating significant deviations from the mean compared to the

temperature dataset. Over the study period, the dry season (November to
March) mostly observed minimum monthly rainfall values (5-38 mm).
Conversely, the hot season (March to June), characterized by high humidity
levels, experienced maximum monthly temperatures (32.2-34.8 °C)
(Figure 2).

Table 2: Statistical characteristics for the Khulna station
Statistical Parameters Rainfall Temperature
Data Collection years 1950- 2022 1950- 2022
Data collection periods 73 73
Mean 146.32 31.260
Median 97.0 31.905
Standard Error 5.397 0.099
Standard Deviation 159.722 2.947
Sample Variance 25511.232 8.683
Kurtosis 1.455 -0.405
Skewness 1.247 -0.630
Minimum 0 23.28
Maximum 922 37.68
95th Percentile 449.0 35.3
Range 922 14.4
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Figure 2: Month-wise rainfall and maximum temperature variation during 1950-2022

3.2 Best-fit distribution selection

The selection of the best-fit probability model for the climatic factors of a
given area is of utmost importance for understanding local climate
dynamics, predicting future climate trends, making well-informed
decisions, and ensuring sustainable long-term development. As this study
considers, the graphical comparisons of different probability distributions
are presented in Figure 3. Normally, the graphical comparison is a
valuable initial approach to selecting the optimal distribution. In Figure
3(a)-(b), it is observed that the PDF and CDF of the Generalized Extreme
Value (GEV) distribution closely match the shape of the observed rainfall
data. Conversely, in Figure 3(c)-(d), it is found that the PDF and CDF of
the Extreme Value distribution best fit the shape of the observed
temperature data. These preferences for rainfall and temperature models
arise from the distinct nature and statistical properties of the dataset, as
outlined in Table 1.

Q-Q plots are a graphical tool used to assess whether a given dataset
follows a specific distribution visually and to aid in selecting the best-fit
distribution model (Velez and Correa Morales 2015). Figure 4 presents Q-
Q plots of various distributions for both rainfall and temperature data.
Notably, itis observed that no single distribution precisely fits the datasets
for rainfall and temperature. All distributions exhibit a right-skewed
pattern regarding rainfall data (Figure 4(a)). The logistic and t Location-
Scale distributions come closest to approximating the data points and
intriguingly align their right tail with the reference line. Conversely, for the
temperature data (Figure 4(b)), the Lognormal and Gamma distributions
closely follow the reference line compared to the other distributions.

However, outliers across all distributions for rainfall and temperature data
indicate a lack of normality in the datasets. This emphasizes the necessity
for additional statistical tests.

Table 3 displays the estimated parameters and results of statistical tests
(AIC, K-S, and A-D) for various probability distributions, providing a more
quantitative approach compared to graphical inspection. The distribution
model with the lowest AIC value, K-S, and A-D test statistics was selected
as the optimal choice from all the models considered in this study. For
rainfall data, the GEV distribution emerged as the best fit among the range
of distributions, demonstrating the lowest values for AIC (10350.84), K-S
statistic (0.1383), and A-D statistic (27.1091). Conversely, the Extreme
Value distribution provided the best fit for temperature data, exhibiting
lower values of AIC (4285.62), K-S statistic (0.0605), and A-D statistic
(3.8215) compared to the other distributions.

The findings derived from the best-fit analysis gain support from previous
studies conducted across diverse stations and geographical areas. For
example, a group of researchers conducted a study on the best-fit
probability distribution for monthly maximum rainfall in Bangladesh and
found that the GEV distribution was suitable for 14 out of 35 stations
(Alam et al., 2018a). The study also concluded that three-parameter
distributions (such as GEV and LP3) with skewness exceeding 1.0
demonstrated greater flexibility than two-parameter distributions for
fitting rainfall data. Similarly, another study focused on monthly rainfall
data from Chittagong, Dhaka, Rajshahi, and Sylhet and empirically
validated the GEV distribution as the most appropriate choice for
modelling the monthly rainfall data (Ghosh et al, 2016). The common
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findings of the GEV distribution as the best fit for rainfall data are observed
in different areas, including Malaysia, Saudi Arabia, Qatar, Brazil, and India
(Ngetal, 2020; Alahmadi et al. 2014; Mamoon and Rahman 2017; Abreu
et al. 2023; Sukrutha et al. 2018). The GEV distribution's capacity to
effectively capture and model extreme events, such as heavy-tailed
occurrences commonly observed in rainfall data, contributes to its
recurrent preference.

Regarding monthly maximum temperature data, the Generalized Skew
Logistic Distribution (GSL) identified as the optimal fit for the Patuakhali

station among various probability distributions (Hossain et al., 2018).
Similarly, another researcher found the Beta distribution to be the best-
fitted option for the Sylhet station (Hasan, 2021). Furthermore,
researchers in 2016 observed that the Generalized Skew Logistic
Distribution (GSL) provided the most appropriate fit for Dhaka city
(Hossain et al, 2016). Additionally, a study focused on the Northwest
Himalayas of India found the Normal distribution to be the best-fit choice
among five distributions (Normal, Lognormal, Gamma, Gumbel, and
Weibull) (Poonia and Azad 2022). These variations in the best-fit
distributions compared to the current study could be due to differences in
dataset characteristics and the duration of the studies.

(@) oo (b) 1
[ Rain data
Normal 0.9
Lognormal Rain data
0.01 SEv i Normal i
Extreme Value — Lognormal
= Logistic Bov —GEV i
£ 0.008 =t Location-Scale [{ = Extreme Value
= Gamma = 06 ~ Logistic I
B Weibull ] t Location-Scale
2
o} =) — Gamma
4 0,006 505 Weibull Il
£ 2 N
5 g 04
8 0.004 g
& Sos |
5}
0.2 g
0.002
0.1 Bl
0 2 2 (o]
0 100 200 300 400 500 600 700 800 900 1000 (o] 100 200 300 400 500 600 700 800 900 1000
Rainfall Data (mm) Rainfall Data (mm)
© (d)
1 T T T
0.2 [T Tmax data ——Tmax data
Normal Normal /
09 y
0.18 Lognormal Lognormal /
——GEV H——GEV 7
0.8
0.16 Extreme Value - Extreme Value
= Logistic b 8:] H Logistic o
o4 t Location-Scale / £o7 A
> Gamma P = Gamma i
8 012 Weibull 5 os ~Weibull
g 8
(=1 [ ]
2 0.1 505
= o
= =
§ 0.08 5 04 1
e g
0. 0.06 5 03 4
o
0.04 0.2 &
0.02 0.1 !
0

24 28 30 32

Tmax Data (°C)

34

o

24 28 30 32

Tmax Data (°C)

34 36 38

Figure 3: Probability distributions of (a) PDFs and (b) CDFs for the rainfall data, and (c) PDFs and (d) CDFs for the temperature data.
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3.3 Return Period Results

The concept of a return period proves invaluable for evaluating natural
hazard risks and future planning. In this study, Figure 5 illustrates the
utilization of 5-year, 10-year, 25-year, 50-year, 100-year, and 500-year
return periods for rainfall and temperature analysis across various
probability distributions. Across all distribution models, an increasing
trend in both rainfall and temperature values is evident as the return
period increases. This implies that the likelihood of experiencing an event
of rainfall or temperature at a magnitude equal to or exceeding a certain
threshold decreases with longer return periods. For the rainfall data, the
GEV distribution, which demonstrated the best fit, projected 238 mm, 344

mm, 503 mm, 640 mm, 796 mm, and 1248 mm of rainfall for return
periods of 5, 10, 25, 50, 100, and 500 years, respectively. Correspondingly,
concerning temperature data, the optimal-fitting Extreme Value
distribution indicated temperatures of 33.8 °C, 34.6 °C, 35.4 °C, 35.9 °C,
36.3 °C,and 37.0 °C for the same return periods. A previous study (Alam et
al. 2018a) reported a 100-year return period result of 1000 mm rainfall
through the GEV distribution in Khulna station, which is comparably
higher than the results of this study. This divergence can be attributed to
disparities in periods and the approach to return period calculations for
50 and 100 years. However, the extreme values of rainfall and temperature
associated with their respective return periods indicated that the area
would be exposed to the risk of flood or waterlogging and heatwave events
in the upcoming years.

Table 3: Estimated parameters and statistical test values of different distribution
PDF Rainfall Temperature
Parameters Log-likelihood AIC K-S A-D Parameters Log-likelihood AIC K-S A-D
N 1 n=145.323 -5686.82 11377.64 | 0.1874 | 39.3062 n=31.260 -2189.16 438232 | 0.1229 | 16.9607
orma 0 =159.722 ' ' : ' 0 =2.947 : ' ' '
Log p=4.388 « i p=3.438 )
Normal 6=1622 0.2098 | 266.69 6 =0.098 2219.08 4442.16 | 0.1407 | 23.1664
k=0.192 k=-0.425
GEV 0 =98.745 -5172.42 10350.84 | 0.1383 | 27.1091 0=3.119 -2150.82 4307.64 0.0947 8.7598
pu=10.095 pu=30.410
Extreme n=233.802 n=32.633
value o =203.803 5909.83 11823.66 | 0.2721 | 60.4837 5= 2380 2140.81 4285.62 | 0.0605 3.8215
L u=125.507 ] p=31.529 ]
Logistic = 88.295 5674.02 11352.04 | 0.1944 | 34.7016 o= 1.687 2201.5 4407.00 | 0.0859 | 14.2136
t w=127.093 pn=31.260
location- 0=136.569 -5671.72 11349.44 | 0.1907 | 35.0109 0 =2.945 -2189.16 4384.32 | 0.1229 | 16.9607
Scale v=7.424 v =2.034x106
a=0.839 " a=107.236
Gamma b= 174.35 - 0.1814 | 225.55 b= 0.292 -2208.1 4420.20 | 0.1350 | 21.0056
. a=164.38 " a=32.537
Weibull b= 0881 0.1905 | 24837 b= 13.306 -2141.01 4286.02 | 0.0687 5.6866

Note: *Maximum likelihood estimation did not converge. Iteration limit exceeded.
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Figure 5: Return period results of different distributions for (a) Rainfall and (b) Temperature data

4.. CONCLUSION

This study aimed to determine the best-fit probability distribution and
return period for the monthly maximum rainfall and temperature dataset
at the Khulna station. The analysis identified the GEV distribution as the
best fit for rainfall data and the Extreme Value distribution as the best fit
for temperature data. These findings were rigorously evaluated through
goodness of fit tests, including the AIC value, K-S test, A-D test, and
graphical Q-Q plot. The return period analysis for rainfall and temperature
indicates that the area will experience more frequent and severe flooding
(or waterlogging) and heatwave events in the coming years. These results
can significantly affect various disciplines, including agriculture,
construction, environmental management, and climate research.
Engineers and policymakers can use this information to develop safer and
more resilient models to protect lives and property. Nevertheless, it's
worth noting that while this study provides valuable insights, further
research is needed to develop a more reliable model that considers the

variation in climate change over time to exhibit the actual real-world
scenario better.
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